Regularity of the sample paths of a class 
of second order spde's 



by 



Robert C. Dalang^*) 

Institut de Mathematiques 
Ecole Polytechnique Federale 
1015 Lausanne 
Switzerland 

e-mail: robert.dalang@epfl.ch 



and Marta Sanz-Sole 

Facultat de Matematiques 
Universitat de Barcelona 
Gran Via 585 
08007 Barcelona, Spain 
e-mail: marta.sanz@ub.edu 



Abstract: We study the sample path regularity of the solutions of a class 
of spde's which are second order in time and that includes the stochastic 
wave equation. Non-integer powers of the spatial Laplacian are allowed. 
The driving noise is white in time and spatially homogeneous. Continuing 
with the work initiated in Dalang and Mueller (2003), we prove that the 
solutions belong to a fractional L^-Sobolev space. We also prove Holder 
continuity in time and therefore, we obtain joint Holder continuity in the 
time and space variables. Our conclusions rely on a precise analysis of the 
properties of the stochastic integral used in the rigourous formulation of the 
spde, as introduced by Dalang and Mueller. For spatial covariances given 
by Riesz kernels, we show that our results are optimal. 

Key words and phrases. Stochastic partial differential equations, path 
regularity, spatially homogeneous random noise, wave equation, fractional 
Laplacian. 

MSG 2000 Subject Classifications. Primary 60H15; Secondary 35R60, 
35L05. 



Partially supported by the Swiss National Foundation for Scientific Research. 

Partially supported by the grant BFM2003-01345 from Dtreccion General de In- 
vesUgacion, Ministerio de Ciencia y Tecnologia, Spain. 



1 Introduction 



Modelling with stochastic partial differential equations (spde's) provides suc- 
cessful understanding of the evolution of many physical phenomena. A basic 
issue is how to choose the ingredients so that the spde possesses a solution 
in a strong sense — giving rise to a function-valued stochastic process — and 
to fix, in the most precise way possible, the function space that contains the 
sample paths of the solution. It is well known that this amounts to finding 
the right balance between the roughness of the driving noise — the stochastic 
input in the model — and the singularities of the differential operator that 
defines the equation, which may depend on the dimension. 

This paper focusses on the analysis of the following class of spde's: 

+ (-A)^'^) j u(t, x) = a{u{t, x))F{t, x) + 6(n(t, x)) , 
d 

u{Q,x) =vq{x), —u{0,x)=vo{x). (1) 

In this equation, t € [0, T] for some fixed T > 0, x G M'', d G N, A; G ]0, oo[ 
and A^'^^ denotes the fractional Laplacian on W^. This includes for instance 
the stochastic wave equation in any spatial dimension d. The coefficients a 
and b are Lipschitz continuous functions and satisfy \cr{z)\ + \b{z)\ < C\z\, 
for some positive constant C. The generalized process F is a Gaussian 
random field, white in time and spatially homogeneous with spatial correla- 
tion. More precisely, let F be a non-negative and non-negative definite tem- 
pered measure on W^. Let T>{W^~^^) be the space of Schwartz test functions 
(see pH])- On a probability space P), we define a Gaussian process 

F = if G 'D(R'^~^'^)) with mean zero and covariance functional given 

by 

E{F{^)F{^)) = f ds f T{dx){^{s)*4;{s)){x), 



where tp{s){x) = tp{s){—x). 

Using an extension of Walsh's stochastic integral with respect to martin- 
gale measures jH] j developed in |5] , we give a rigourous meaning to problem 
in a mild form (see Equation (|39)) ) . In fact, in a particular case of 
Equation (when /c G N is an integer and 6 = 0) was introduced and 
studied. 

Let /i = T~^T be the spectral measure of F and assume that 

/ ^ ^o^ 
< oo. [2) 



Under suitable assumptions on the initial condition and the restrictions 
on k and b mentioned above. Theorem 9 in ^ establishes the existence of a 
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unique solution satisfying 

sup E{\\u{t)\\l2^j^d)) < oo, 

for which t u{t) E L^(M'^) is mean-square continuous. 

Here, we want to study the regularity properties of the sample paths — 
both in time and in space — of Equation when conditions stronger than 
condition (j2} are imposed. 

In several examples of spde's driven by spatially homogeneous noise, one 
can prove that their solutions are real- valued random fields u = {u{t,x), 
{t,x) G [0,T] X M"'). This is the case for the stochastic heat equation in 
any spatial dimension d > 1, for the stochastic wave equation in dimension 
d € {lj2}, or even in dimension d = 3, if the initial conditions vanish (0, 
ID, 23)- Joint Holder continuity in (t, x) of the sample paths of the solution 
can usually be obtained using Kolmogorov's continuity condition ( JB]) ffS])- 
However, for more general equations, such as those considered in this paper, 
one can only expect solutions u = {u{t), t G [0,T]) taking values in some 
function space. Kolmogorov's condition is still well suited for establishing 
regularity properties in time, but it is not for the study of spatial continuity. 
Regularity in space may be obtained by means of Sobolev type imbeddings, 
if one could prove that the solution takes values in some fractional Sobolev 
space Hp, p G [l,oo[, a G [0,oo[. Indeed, Hp is imbedded in the space 
of 7-Holder continuous functions C"'(M.'^), for any 7 G]0,a — whenever 

a > ^. This fact explains one of the main advantages of an L^'-theory for 
spde's, for arbitrary values of p, leading to optimal results in 7. 

Until now, L^'-theory for spde's has been mainly developed for parabolic 
spde's (see for instance and the references herein). Recently, we have 
been able to use an approach to study the sample path behaviour in 
{t,x) of the stochastic wave equation in dimension d = 3 (see ;6J, driven 
by the type of noise described above and with a covariance function whose 
singularity is given by a Riesz kernel. The methods used in the analysis 
of this particular equation are very much related to the special form of the 
fundamental solution of the equation and of the covariance function of the 
noise; they do not seem to be exportable to the more general situation we 
are considering here. 

In this paper, we establish sufficient conditions on the spectral measure 
H of the noise that ensure that the solution of Equation belongs a.s. to 
some fractional Sobolev space H2, for some a G [0, k[. Then we prove Holder 
continuity in time of the solution and show that the results are optimal when 
the covariance measure is a Riesz kernel. 

Let M be the martingale measure extension of the process F, obtained 
in P] (see also and let Z be an L^(R'^)-valued stochastic process. In 
Section 121 we prove that, under suitable assumptions on the 5' (M'^)- valued 
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function G, the stochastic integral 



vgAT) = r I G{s, ■ - y)Zis, y)M{ds, dy) 
Jo 

introduced in J5|, which defines a random element of L^(M'^), belongs in fact 
to (IR*^) and is such that E[\\vG,z{T)\\'ira(md)) < oo. To establish this 
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fact, we will need to prove the existence of the Fourier transform of the 
stochastic integral vg,z(T). Recall |21| that for a function g E H2{^'^), 

ii5iiL^(M.)= / dai + \^?r\:F9m\ 

where, for ip G C^(M'^), 

TifiC) = I dxe'^'^ifix). 
Let C = dl + (-A)^^), A; e]0,oo[. We prove that, if for some a S [0,k[, 

^ _ /ON 



then the preceding result applies to the fundamental solution of Cu = 0. 
For the other results of this paper, we will assume property ©• We note 
that we treat indifferently the case of integer and fractional powers of the 
Laplacian. 

Section [21 is devoted to studying path properties in time of the stochastic 
integral 

VG,z{t)= f f G{s,--y)Z{s,y)M{ds,dy) 

Jo JRd 

and the Holder continuity of 

nczit) = f I G{t-s,-- y)Z{s, y)M{ds, dy). (4) 
JO Jr^ 



We first identify the increasing process of the (^^ )"Valued martingale 
{vG,z{t),t & [0,?"]). Fix a G [0,A;[ and assume that there exists rj G]^,1[ 
such that the following condition, which is stronger than 0, holds: 

'^(^^^ < 00. (5) 



Using Kolmogorov's continuity condition, we obtain that the sample paths 
of {uG,z(t), t G [0, T]) are a.s. Holder continuous. In the particular case 
where r{dx) = \x\~^, f3 g]0, d[, the results are proved to be optimal. By 
means of the Sobolev imbedding theorem, we also obtain Holder continuity 
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in the space variable. However, the conditions for vahdity of this result are 
rather restrictive. 

In Section 3, we transfer the results of the preceding sections to the 
solution of Equation (^. Fix a € [0,/c[, assume ^ and that the initial 
conditions are such that G F^(M'^) and vq G R^'^i^^). We prove the 
existence of a solution to (Q) satisfying 



Replacing assumption © by © and under additional (but natural) hy- 
potheses on the initial conditions, we obtain Holder continuity in time of 
the solution of the equation. 

2 The stochastic integral as a random vector with 
values in a fractional Sobolev space 

In this section, we consider the stochastic integral defined in Theorem 6 of 
[2]. Our aim is to prove that under suitable assumptions, this integral takes 
its values in the fractional Sobolev space F^(M'^), for some a e]0, oo . 

Throughout this section, let Ts be the cx-field generated by the martingale 
measure (Mj, < t < s) described in the introduction. We consider a 
stochastic process Z = s E [0,r]) with values in 1?{:W^) such that 

is .Fs-measurable and the mapping s i— s- Z(yS) is mean-square continuous 




from [0,r] into L'^{^^). 



The main result of this section is as follows. 



Theorem 1 Consider a deterministic map G : [0, T] — > < 

a G [0,oo[ and assume that the following three conditions hold: 



S'{W^). Fix 



(i) For each s G [0,T], TG{s) is a function and 



sup sup(l + |eP)^|.FG(s)(0| < oo. 



(ii) For all G C^(M'^) 



sup sup \(G{s) * ip){x)\ < oo. 

0<s<Txm'^ 
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) 
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Then the stochastic integral 

VG,ziT) = r I G{s, ■ - y)Zis, y)M{ds, dy) 
Jo Jw 

satisfies 

^(ll^G,z(r)||^c,(Kd)) < OO 

and 

= Ig,z. (6) 

where 

Va)^g,z(^) = £ J^, - • - y)Zis, y)M{ds, dy) 

and 

Ig,z= r ds f d^E{\J^Z{sm\') 

Jo JR-i 

X / ^(dr^)(l + \^-rj\Y\ms){C-r])f. (7) 
jR'i 

The proof of this theorem reUes on a preUminary result that identifies 
the Fourier transform of the stochastic integral vg,z for G and Z satisfying 
more restrictive assumptions than those above, namely: 

(Gl') For each s G [0,r], G{s) G C°°(M^), J^G{s) is a function, 

sup sup |G(s,a;)| < cxd and sup sup \ J^G{s){(,)\ < oo. 
o<s<rxeR<* o<s<T^eR'^ 

(G2) For s G [0,r], Z{s) G C^(M'^) a.s., and there is a compact set 
K C M'^ such that suppZ(s) C K, for s £ [0,T]. In addition, the 
mapping s >—>■ Z{s) is mean-square continuous from [0, T] into L^(M'^). 

(G3) Ig,z < oo, where 

Ig,z= r ds f diE{\TZ{sm\^) j a{d^)\TG{s){i-r,)\\ (8) 

Notice that our assumption (Gl') is stronger than (Gl) in 5 (which does 
not suppose the boundedness of the Fourier transform of G), while (G2) 
and (G3) appear with the same name in 0. 
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Under (Gl'), (G2), and (G3), the stochastic integral 

z;g,z(T)(x) = / Gis, X - y)Z{s, y)M{ds, dy) 
Jo Jw 

is weh-defined, for any x G M*^, as a Walsh stochastic integral (see Lemma 1 
in [3]). The integral 

r I TG{s, ■ - ymzis, y)M{ds, dy) 

Jo JR'i 

is also well-defined as a Walsh stochastic integral. Indeed, J^G{s){- — y){^) = 
e'^yj'G{s){C), and 

EiTdsf T{dy)f dz\e^^-^TG{smZ{s,z)e^^^y-''^TG{smZ{s,y-z)\) 
^Jo Jr'' Jr'' ' 

< sup sup |^G(s)(OP / ds f r{dy)E{\Z{s,-)\*\Z{s,-)\){y) 

0<s<T^GlR'* "'0 JR'' 

< G J^dsE{\\Z{s, ■)||i2(i,.))r(K -K)<oo. 

Proposition 1 We assume the hypotheses (Gl'), (G2) and (G3). Then 
the Fourier transform Tvq^z{T) of the stochastic integral vg,z{T) is given 
by ^ 

TvG,z{Tm= j [ TG{s,--ymZ{s,y)M{ds,dy). 
Jo Jr'' 

Proof Let ip G 5(]R'^). We want to check that 

{vG,ziT),:F-^^) = {r [ J^G{s,--y)i-)Zis,y)M{ds,dy),ip), (9) 
Jo Jr"^ 

where (■, •) denotes the inner product in L^(M'^). 

We verify the assumptions of the stochastic Fubini's theorem in j22j : 
since G is uniformly bounded and Z{s) has compact support, 

e( [ dx r ds [ T{dy) I dz\T'^^{x)\^\G{s,x - z)\ 
^Jr'' Jo Jr'^ Jr'^ 

X \Z{s,z)\ \G{s,x-z + y)\ |Z(s,z-y)[) 

<Ce( [ dx\T-^^{x)\^ r ds I T{dy) f dz\Z{s,z)\\Z{s,y - z)\) 
^jR'i Jo Jr'^ Jr'^ ' 

<CM^^,^^,^T(K-K) £dsE{\\Zis)\\l,^^,^)<^. 
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Applying this Fubini's theorem and Plancherel's identity, we obtain 

{vG,ziT),T-^^)= [ dxiTf T-\{x)G{s,x-y)Z{s,y)M{ds,dy)) 

jRd Jo Jr^ 



T 



JM.'^ 
T 



JR'* 



dxT ip{x)G{s,x — y))Z{s,y)M{ds,dy)) 

d^ ifiOTG{s)iO exp(iy • 0)Z{s, y)M{ds, dy). 

(10) 

In order to apply again the stochastic Fubini's theorem, we note that 
e(( d^Tdsf Tidy) [ dz\ipm^\rG{sm\^\Z{s,z)\\Zis,y-z)\) 
<r{K-K) [ dC r ds\ip{0\'\msm\'E{\\Z{s)\\l^^,^) 

JR-i JO ^ ' 

<C||^||2, , sup E{\\Z{s)\\l,,^,.) sup sup (11) 

^ ^ 0<s<r ^ ' 0<s<Tf 



Therefore, applying again the above-mentioned Fubini's theorem shows that 
the last right-hand side of (|1H1 is equal to 



di^i / J'G{s,--ymZ{s,y)M(ds,dy)), 
which establishes ©• □ 



Proof of Theorem^ We proceed in several steps. 

Step 1. Assume first that G and Z satisfy the assumptions (Gl'), (G2) 
and (G3). Suppose also that G"(s) := (/ - A)tG(s) satisfies (Gl') and 
that Iq ^ < oo (this last condition is implied by (iii)). Then the stochastic 
integral v -^s.„ AT) is well-defined in Walsh's sense and satisfies 

Indeed, this follows from Lemma 1 in [S]. Moreover, Proposition ^ impfies 
that 

By the definition of the norm in i^2*(IK'^), Plancherel's theorem and 
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Proposition ^ we obtain 

E{\\vGMn\l^i^^)) = E{J^/Hi + \^mj'VGATmf) 

= E{f d({l + \(mv:rG,ziT)iOf) 

JM.'' 

= e([ r f {l + \^\^)'^TG{s,--ymZis,y)Mids,dy)\' 

^ JR^ Jo JR'* 

= E(f di\j f T{{I-A)'^G{s,--y)){OZ{s,y)M{ds,dy)\ 

^ Jo jRd 

= ^(IIVA)^G,z(^)lli^(M'*))- (14) 

Consequently, the theorem is proved in this particular situation. Notice 
that ® follows from (HU and (fill) . 

Step 2. Assume that G(s) and satisfy (Gl') and that condition 

(iii) holds. By Lemma 3 in "3", there exists a sequence of stochastic processes 
(Z„,n > 1) satisfying (G2) and (G3) such that lim„^oo -^g" z„-z ~ 

n — >oo 



with the limit taken in L (J7;L (M )). The properties of G° ensure that 
lim^^oo z-z = as well. 

We want to prove that {vg,z„{T)., n > 1) is a Cauchy sequence in 
L2(0; H^^{W^)). Since H^{M.'^)) is imbedded in ^^(R'^), the two limits of the 
sequence — in L'^ {fl; H2 (i^^)) and in L^(Q; L^(M'^)) — must coincide. 

By the results proved in Step 1, 

Jrn^i?(||.G.z„-z„(T)|||.(«.)) = Junja,z„-z^ = 0- (15) 

Let us now prove © in this particular case. The previous convergence, the 
results stated in the first part of the proof and Lemma 3 in [SI applied to 
£/:=(/- A)tG yield 

E{\\vG,z{T)\\l^(^^d^) = lim^E{\\vG,zAT)fH^^u^)) 

hm y 



n— >oo 

JOL 



Step 3. Let us now put ourselves under the assumptions of the theorem. 
Let {ipn^n > 1) be an approximation of the identity such that \ J'ipn{C)\ ^ 1; 
for all i e M.'^. Set Gn{s) = G{s) * V-n, G^ = {I - A)tGn. We now check 
that Gn and satisfy (Gl') and the assumption (iii) of the theorem. 
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It is clear that Gn{s) G C°°(M'^). Moreover, condition (ii) yields 

sup sup \Gn{s,x)\) < OO. 
0<s<TxeM.'' 

Since J^G{s) is a function, J^Gn{s) is also a function and (i) implies 

sup sup \!FGri{s){^)\ < sup sup < OO. 

o<s<r^g]Rd o<s<r5gRd 

Notice that G^{s) = G{s) * (I - A)tVn. Since (/ - A)tV;„ G S{R'^), the 
Schwartz space of C°° test functions with rapid decrease, we have G 
C°°{R'^) (see for instance 8.) Proposition 32.1.1). 

The condition supo<s<T sup^gj^d < oo is a consequence of as- 

sumption (ii). Since J-G{s) is a function, so is J-G'^{s). Moreover, condition 
(i) yields 

sup sup sup \TG'^{sm\ = sup sup sup |.FG(s)(0| |(1 + |el')^-^V'n(OI 
n>i o<s<r jeRd n>i o<s<r geRd 

< sup sup|(i + iep)^|.FG(s)(e)i 

0<s<TggRd 

< CXD. 

Consider the sequence of stochastic integrals {vc„,z(T),n > 1). Theo- 
rem 6 in shows that vc,z{T) is well-defined as an L^(r2; L^(IR'^))-valued 
random variable and 

Ei\\vG„,ziT) - fG,z(r)|[^2(iR;d)) = Ig„^g,z 

= rds( diE{\rZ{sm\^) I M(i7?)|^G(s)(e-r?)|Vn(0-l|'- 

JQ JRd JRd 

By dominated convergence, this expression tends to zero as n tends to in- 
finity. 

We want to prove that (vG„,z{T),n > 1) is a Cauchy sequence in 
L^{n;H^{W^)). Indeed, by the resuhs stated in Step 2, we obtain 

E{\\vGr,-G^,z{T)\\H^(^^d)) = lG„-Gm,Z 

= r ds I diE{\rZ(sm)?) 

Jo JRd 

X / f,(dr])(l + \^-r^\Y\J'Gism\\iT^n-:F^P^m\^ 

JRd 

This last expression tends to zero as n,m tend to infinity, by dominated 
convergence and assumption (iii). We have therefore proved that 

lmi^E{\\vG„,z{T) - vczmWl^iR^)) = 0- 
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By the results of Step 2, we obtain 

i?(|bG,z(T)||^.(K.)) = Jim i^(||t;G„,z(T)||^.(^.)) =/g,^. 

This finishes the proof of the theorem. □ 

Example 1 Consider the differential operator L = dii + {—l\)^^\ k G ]0, cxd[, 
and denote by G the fundamental solution of Cu = 0. It is easy to check 
that 

sm{t\i\^^ 

Fix a € [0, k[ and assume that 



^Gitm = (16) 



(l + |^[2)fc-a 

Then the assumptions of Theorem 01 are satisfied. 
Indeed, J^G(s) G C°°(M'^). Moreover, 



^^"^^^ < oo. (17) 



//, « sin(t|£|'^' 

sup sup 1(1 + l^na ^ ' 



k 

< T sup(l + leP)^ + sup(l + icp)"^- 

iei<i ici>i 

Since a < k, this last expression is finite and thus condition (i) is satisfied. 
Let V G 5(M'^). Then, 

sup sup I (G(s) * -0) (^) I < sup \\T{G{s) * iIj)]]^! 

0<s<TxeM'* 0<s<T 



proving (ii). 

Finally, we prove (iii). For any k g]0, oo[, it is easy to check that 



2^(1 + r^ ) 

o<7<t'- - (1 + m 



supJ.FG(.)(OP < tA^^- (18) 



Therefore, 



sup / ;,(dr/)(l + |e-r/|2)"|.FG(s)(e 

)<s<T JM'* 



/i(d7?) 



(19) 

where C is a positive constant depending on T and k. 
Set J = k — a. We will show that 

f Kdy) f Kdy) , . 

^^mJr'^ (l + le-r/|2)7 (l + |r/|2)7- ^ 
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Combining this property with assumption (fTTjl yields (iii). Note for future 
reference that 

sup sup / ^{dv)il + \( - v\^r\:^G{s)iC - rj)\^ <oo. (21) 
In order to prove (|2fl|) . set Ty{x) = x + y. Fohowing an argument that 



M^^)7rr^ — ^= / r(dx)j-i(e-2-^*HV_^(i + |.|2)-7)( 



appears in observe that 

-27r2t|T,|2 

(1 + 



X 



where = ^ ^(e ^Tr^tl p-j jg ^j^g Gaussian density with mean and variance 
t, e^{x) = e2'^*<^'«> and Gd,^{x) = + \ ■ P)-t(x). 

Since both pt and Gd,^ are positive functions, 

\{pt * e^Gd,-yix)\ < / pt{y)Gd,-y{x -y)dy. 

Using monotone convergence and the fact that pt is a probability density 
function on M^, we obtain 

- M / ^(^^) / Gd,fix - y)pt{y)dy 
< sup / r((ix)Grf,^(x - y). 

However, 

sup [ T{dx)Gd,^{x-y)= f 

(see for instance |17j . Lemma 9.8). This proves (j2()j) . 

Example 2 Xei £ and G 6e as in Example^ Assume that T{dx) = \x\ 
with P £]0,d[. Then fi{d£,) = C\S,\~'^^^ (see for instance J^). Elementary 



(22) 



calculations show that ( |j7| ) holds provided that (3 <2k and a S [0, A; — - 



2 L- 



Fix q S ]1, oo[ and s € ]0, oo[. It is well known that the fractional Sobolev 
space H^iW^), is imbedded in the space C^iW^) of 7-Holder continuous func- 
tions with 7 < s — ^, whenever s — ^ > 0. Moreover, \{ \ < q < d, d > sq, 

then Hf^{W^) is imbedded in LP(M'^), for g < p < ^ (see HH]). This yields 
the following. 
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Corollary 1 1. Suppose that the assumptions of Theorem^ are satis- 
fied for some a g]|,oo[. Then almost surely, the stochastic integral 
VG,z{T) belongs to C^(M'^), for any 7 e]0,a - f [. 

2. If the hypotheses of Theorem^\ are satisfied with some a € [0, then 
E{\\vG,z{T)\\l,^^,^) < 00, for any P e]2, 

Remark 1 (a) Let G be as in Example^ Assume that condition \n\ ) 
holds for some a g]|,/c[. Then the conclusion of part 1 of Corollary 
Ql holds. This applies for instance to the wave equation in dimension 
d = l. 

If condition holds for some a € [0, | A k[, then the conclusion of 
part 2 of Corollary^ holds. 

(b) Let G be as in part (a) and T{dx) be as in Example\^ Suppose that | < 
/c - f . Then a.s., vg,z{T) belongs to ^(M'^), for any 7 G ]0, fc - 

3 Path properties in time of the stochastic integral 

We are now interested in the behaviour in t of the sample paths of the 
process uq^z = {uG,z{t)i t G [0,T]), where 

UG,z{t) = f I G{t-s,-- y)Z{s, y)M{ds, dy). 

Jo JR'* 

We notice that in Theorem ^ one can replace everywhere the finite time 
horizon T by an arbitrary t G [0, T] and G{s) by G{t — s); therefore, under 
the assumptions of this theorem, the process ug,z takes its values in the 
Hilbert space H^{R'^). 

Our aim is to prove Holder continuity of the sample paths. We shall apply 
a version of Kolmogorov's continuity condition; hence we are led to estimate 
L^-moments of stochastic integrals with values in a Hilbert space by means 
of an extension of Burkholder's inequality. We therefore need to identify 
the increasing process associated with the martingale {vG,z{t), t ^ [Oi^]) 
of Theorem ^ We devote the first part of this section to this problem; the 
second part deals with the study of Holder continuity. 

3.1 The increasing process 

Following ^2], we term the Meyer process or first increasing process of 
the 7/2^ (M*^)- valued martingale {vG,z{t), t £ [Oi^]) the unique real-valued, 
continuous, increasing process, denoted by {{vG,z)t, t G [0, T]), such that 
\\vG,z{t)\\'jja(^-^d^ - {vG,z)t is a real-valued martingale. 
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Proposition 2 Assume that the hypotheses of Theorem Q are satisfied. 
Then for any t £ [0, T], 

{vG,z)t= f ds f d^\J^Z{smf 

Jo JRd 

x[ ^(dr^)(l + \^-rj\Y\ms)iC-v)f- (23) 



Proof. Assume first that G and Z satisfy tlie assumptions (Gl'), (G2) and 



(G3) witli T replaced by t, tliat is, 1^*^ < oo, for any t € [0,T], where 



jO,t 



Cdsf diE{\J^Z{sm?) I ^i{d7j)\TG{s){^-ii)\\ 

JK.^ JK.'i 



Suppose also that G"(s) = (/ — A)2G(s) satisfies (Gl') and /^'^ < oo, 
where 



f ds f d^E{\TZ{sm\^) 
I ;x(dr?)(l + |e-7?P)"|^G(t-.)(e-r/)p 



Then, following Lemma 1 in for any t € [0, T] and x € W^, the stochastic 
integral 

VA)tG,z(*' ^) = ll j^S^ - ^)^G{s, X - y){x)Z{s, y)M{ds, dy) 
is well-defined as a Walsh stochastic integral. Its increasing process is given 

by 

(^r.-A^f z)* = fdsl f^{drj) - A)f G(5, x - ■)Z{s, ■)) {v)\\ 







{I-A)'IG,Z' 

(use Theorem 2.5 in [22j and elementary properties of convolution and the 
Fourier transform). 

In particular, the process 



IVa)^g,z(*'^)I'- i,Kdr]) T{{I-A)'^G{s,x--)Zis,-)){rj) 



2 



(24) 

t G [0,T], is a real- valued martingale. 

The properties of the Fourier transform yield 

J^{iI-A)'lGis,x--)Z{s,.))iv) 

= {r{{I-A)fG{s,x--))*TZis,-))ir]) 

= tUi + ic?)^^G(., - a^zis, -m) (x). 
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Then, by Plancherel's theorem, 

/ dx ds f fiidrj) - A)^G{s,x - ■)Z{s,-)){v)^ 

JR'* Jo JR'* 

= fds[ di\Tz{sm? I Md^)(i + ie-r/pri^G(.)(e-r/)|i (25) 

Following Step 1 in the proof of Theorem ^ 



(I-A)^G,Z 
for any t € [0, T]. 

Integrating over x G M"' the expression in (|24j> and using (|25|). we find 
that the process 

wvczmH^iRc.)- fds [ dc\rz{sm\^ 

2 ^ ^ Jo JRd 

X / f,(dr]){l + \C-7^\^r\j^G{t-s)iC-v)\^ 

JWi 

is a real- valued martingale. This proves 1)23^ under the particular set of 
assumptions stated at the beginning of the proof. 

Assume next the setting of Step 2 in the proof of Theorem ^ That 
is, G{s) and G"{s) satisfy (Gl') and condition (iii) holds. There exists a 
sequence of processes {Zn,n > 1) satisfying (G2) and /^'^ < oo, such that 
for any t £ [0, T], 

lmi^E{\\vG,z~zM\\H.(^K,)) = Jirn Jgfz^-z = 0. (26) 

By the previous step, 

Mr : = \\vG,z„mH?(m - [ dC\TZ^{sm\' 



X / ^{dri){l + \^-rj\'r\j^G{t-s){^-^)f 
Jr'' 

t £ [0,T], is a real- valued martingale. Set 

Mt = lkG,z(t)||i.(M.) - fds [ d^ \TZ{sm\'' 
2 ^ ' JO JR'* 

n{dr^){l + \C-rjm^Git-s){^-7j)f. 



Prom it follows that L^(17)-lim„_oo = Mt. This shows that 

{Mt,t G [0, r]) is a martingale and proves (PS)) in the setting of Step 2. 

Finally, we consider the situation given by the hypotheses of the theorem. 
From Step 3 in the proof of Theorem ^ it follows that for any t G [0, T], 

Jirn ^(||?;G-G„,z(t)||^^«(Kd)) = Jiim 1;^'!^^^^ = 0, 
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where Gn{s) = G{s)*^n and {i/jn^n > 1) is an approximation of the identity. 
The sequence (G„(s), n > 1) satisfies the conditions of the previous step. 
Therefore, we can conclude using a hmiting procedure, in a manner ana- 
loguous to the previous step. This completes the proof of the Proposition. 

□ 

Proposition 3 Assume the hypotheses of Theorem^ Fix q G [l,C)o[. 
Then there is C > such that for all t > 0, 

E{\\vGMm%^^.)) < Ct"-^ J^dsE[\\Z{s)ff,^^,^) 

X ( sup / + le - v\Y\^G{s){C - r^)\'y. 

Proof. Using the Hilbert space version of Burkholder's inequality (jl2j. 
p. 212), Proposition |2 Holder's inequality and Plancherel's identity, we 
obtain 

E{\\vG,zm%(R.))<cE{{ J\s J^^dcimsmi' l^Kdv){i + \c-v\'y 

x\:FG{s){c-v)\'r) 
<cti-' fdsE({[ dc\:FZism\'' 

Jo ^ JR'^ 

X / ,,(dr^)(l + \^-rj\')-\TG{s)iC-rj)\y) 
<Ct^-'l^dsE{\\Zis)\\%^^,^) 

X ( sup / ^,{dr^){l + - 7?|2)"|^G(5)(e - r/)|2)'. 

This proves the proposition. □ 
3.2 Holder continuity in time 

In this section, we consider the distribution- valued function G{s) of Example 
n Our goal is to give sufficient conditions ensuring a. s. -Holder continuity of 
the sample paths of the process {uG,zit),t £ [0,T]) defined in @. 

We first study the case of a general covariance measure T. In a second 
part, we consider the particular case T{dx) = P G]0,d[. The radial 

structure of this measure makes it possible to obtain a higher order of Holder 
continuity. Indeed, we prove that the result obtained in this situation is 
optimal. 
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Theorem 2 Let C = d^^ + (— A)^, k E ]0, oo[, and let G be the fundamental 
solution of Cu = 0. Fix a £ [0,k[ and assume that there exists rj 
such that 

Fix q G [2,cx)[ and assume that supo<3<y i?(||Z(s)||^2(]fjd)) < oo. Then the 
H 2 {^'^) -valued stochastic integral process {uG,z{t), < t < T) satisfies 

E{\\uG,z{t2) - ucAhWj,.^^.)) < C{t2 - t^ri'^^^'-^^) , (28) 

for any < ti < t2 < T. Consequently, {uG,zit),0 < t < T) is ^-Holder 
continuous, for each 7 G ]0, (| A (1 — ??)) — |[- 

Proof. Fix 0<ti <t2 <T and set q = 2p. Then 

E{\\uG,z{t2)-UG,zitl)\\HS^K'i)) <C{Ti{ti,t2)+T2{tlM)), 

where 

1-12 



Tiitut2) = E{\\ ' G{t2 -s,-- y)Z{s, y)M{ds, dy)f^^^^,^), 

T2{ti,t2) = r (G(t2 -s,--y)- G{ti -s,-- y)) 
Jo 

X Z{s,y)M{ds,dy)f^^^^a)). 
Arguing as in Proposition |21 and using (|21|) . we obtain 

Tiitut2)<C{t2-t^r' f"dsE{\\Zis)\\%^^,^) 

X ( sup / i,{d7^){l + le - v\'r\J'G{t2 - s){C - r?)|2 
<C{t2-tir sup E{\\Zis)\\% , ) 

0<s<T ^ ' 

X sup supf/ ^,{dri){l + \C - 7]\^r\TG{s){C - v) 

<C(t2-tiy. (29) 
We now study the contribution of T2{ti,t2). Clearly, 

/ ^(cir?)(l + |e-r?P)"|^(G(t2-s)-G(ti-5))(e-r?)|2 < h{tut2)+h{hM), 



where 

h{ti,t2) = I /x(d7?)(l + - ri\^r\HG{t2 -s)- G{ti - sm - V)f 

h{tut2) = I /x(d7?)(l + r^\^r\T{G{t2 -s)- G{ti - sm - V)? 

J\£-v\>l 
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By ()16|). the mean- value theorem, the bound (|2fl|) and assumption (|27j) . 

/i(ti,t2) < (t2-ti)' / + le - r?pr 

•^l€-';l<i 

^gRdjRd (1 + " 

<C(t2-ti)' l-r 
Jw (1 



/i(dr/) 



+ \r]\^)''-° 



<C{t2-hf 



By the formula sin x — sin y = 2 cos ^^4^ sin , 



2 "^^^^ 2 

2(1-7?) 



/■ , (sin(i(t2-ti)|e-r? 

/2(ti,t2)< / M^^)(i + ie-r/pr^ ^ ^ 



- " L (1 + ic - r^n^"-" 

Consequently, 

sup sup / ^(d,?)(l + |C-r?|2n^(G(t2-s)-G(ti-s))(e-r?)|2 

< C(t2 -ti)^^^""). (30) 
Using (|Hn|) and arguing as in the lines that led to ((201), '^^ see that 

r2(tl,t2)<C sup E{\\Z{S)\\% ,) sup SUp(/ ^(d7?)(l + |e-7?|2r 

X \T{G{t2-s)-G{h-sm-r^)\'y 

<C{t2-tif^^^~'^\ (31) 

Finally, (PS)) is a consequence of and (|5T1) . 

The statement on Holder continuity follows from Kolmogorov's continuity 
condition Chap. I, §2]. □ 

The previous theorem, together with part 1 of Corollary yields the 
following. 

Corollary 2 Suppose that the hypotheses of Theorem are satisfied with 
some a € ]|, oo[ and rj G 1[ Then there is a version of the process 

{uG,z{t,x), {t,x) G [0,r] xR^) 

that belongs to C^i'^^ ([0, T] x M"'), with 71 g]0, (^ A (1 - ??)) - |[ and 72 S 
]0,a-f[. 
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Consider now the particular case r{dx) = \x\-l^, [3 G]0,d[. The results 
obtained in Theorem |2 can be improved as follows. 

Theorem 3 Let C and G be as in Theorem\^ Fix a € [0, oo[, k > a and 
assume that T{dx) = \x\~^ with [3 ^]{)^2{k — a)[. Fix q ^ [2,oo[ and suppose 
that supo<s<T -^(Il-^('5)lli2/-]g<i\) < Then for any Q <ti <t2 <l, 



E{\\uG,z{t2) - UGAtl)\\H!^) < C{t2 - tif^^-'-^\ (32) 
Consequently, {uq zit), < t < T) is ^-Holder continuous for any 7 G 

]o,(i-^)-|[. 

Remark 1 If P + 2a < k, then we obtain a stronger conclusion than in 
Theorem 



Proof. As in the proof of Theorem [21 set q = 2p and 

Ti{ti,t2) = E{\\ J'' G{t2 - s, • - y)Z{s, y)M{ds, dy)f^^^^,^), 

T2{ti,t2) = E{\\ r {G{t2 -s,--y)- G{ti - s, • - y))Z{s, y)M{ds, dy) |1 J„ 

Let 

Tii(ti,t2)= r~''dssnp{[ ^(d7?)(l + |C-r?|2)"|^G(s)(e-7?)|Y. 



Then, proceeding as in the steps that led to (HUJ, we find that 

Ti{tut2)<C{t2-t,r-' sup E{\\Z{s)\\% , )Tu{tl,t2). 

0<s<T ^ ' 

Introducing the new variables {^,fj) = sfc(^,?7) and substituting |r/|~'^"*"^ for 
^{drj) and formula H16() for TG{s) yields 



Tii{ti,t2) = f 
Jo 



Taking into account (|19j) . (|20|) for l-i{dr]) = \r]\~'^~^^dri and the remark made 
in Example El we obtain 

Tn{tut2)<C{t2-t,r^'-'^^^\ 
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Consequently, 

Tiih,t2)<C{t2-tir^^~^\ (33) 

For the analysis of the term T2{ti,t2), we also follow the same scheme as 
in the proof of Theorem |21 but we improve the upper bound on 12(^1; ^2); 
as follows. Set h = t2 — ti and consider the change of variables fj) = 
(|)iK,D). Then, 

where C is a constant depending on k. Therefore, 

T2{h,t2)<C{t2-hr<^'-^\ (34) 



The estimates (|33|) and (j34j) imply (|32|) . The proof of the theorem is com- 
plete. □ 

We finish this section by showing that Theorem |21 provides an optimal 
result. We do this by studying the case where Z is the smooth deterministic 
function Z{s,x) = e~'^f with no dependence on s. For this Z, we shall 
write ucit) instead of uc^zit). 

Theorem 4 Let L, G and T be as in Theorem Fix Iq £ (0, 1] and 
assume 13 g]0,2(/i; — a)[. Then there exists a constant C > such that for 
any ti,t2 satisfying to < ti < t2 < 1, 

E{\\uG{t2) - ^^G(tl)||^.(M^)) > C\t2 - t,\^-^. (35) 

Consequently, a.s. the mapping t 1— > ucit) is not j-Holder continuous for 
7 > 1 — (/5 + 2a)/ (2k), while it is j-Holder continuous for 7 < ! — (/? + 
2a)/(2fc). 

Proof. Let p(^) denote the standard Gaussian density function. Using the 
isometry property Q, we obtain 

E{\\uGit2)-UG{t^)fH^^^a-j) >S{ti,t2), 

where 

S{t^,t2) = r ds I dCpiO^ [ ^,{dr]){l + \C-r]\Y 

Jo JW^ JRd 

X |^G(t2 - s){C -V)- ^G{ti - s){C - V)f- (36) 
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Set h = {t2 — ti)/2. By the formula sinx — siny = 2 cos sin Fubini's 
theorem and integrating with respect to the time variable s, we obtain 



2k 



h sin((t2 - h)\C - r?!'^) ^ sin((ti + ts)!^ - v\'') 



\2 MC-v\'' M^-v\'' /' 

Notice that for |^ — r]\'' > 2/ti and, in particular, for |r/| > 2{2/tiY^^ and 
1^1 < {2/tiY^^ , the factor in parentheses is bounded below by ti/4. There- 
fore, 



J|fl<(2/ti^l/fe Jlr, 



dr] 



|C|<(2/ti)l/fe y|r,|>2(2/ti)l/fe |r?|'^ 1^ 

2.a sin2(/i|^ - ryl'^) 



X 



|^_^|2fc ■ 

Let a = (2/ti)i/*=. Note that 

{(e, r/) : lel < a, \rj\ > 2a} D {{t v) ■ 1^1 < a, \^ - v\ > 3a} 

and that 1/\t]\ > 1/(2|^ — r/|) for (^,r/) in these sets. With this inequality 
and this smaller domain of integration, we use the change of variables fj = 
hk{^ — rf) fixed) to see that 



> -h' — d^piiY , ,^ , — rsin^df? 

Notice that the last double integral is a positive finite constant. Hence, the 
inequality is proved. 

We now use the fact that uq is a Gaussian stationary process together 
with classical results on Gaussian processes to translate the lower bound 
into a statement concerning absence of Holder continuity of the sample paths 
of t 1-^ ucit). Fix 7 €]1 — [13 + 2a)/(2fc),l] and assume by contradiction 
that for almost all lj, there is C{lv) < oo such that for all to < ti < t2 < 1, 

{uG{t2) - uaih), if) 

sup sup r — r — r 



\\uG{t2) - UG{tl)\\H^^f,d-j 

= '^'^p n — rVf 

h<t2 {t2-tir 

< C{uj). 
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Then the real-valued Gaussian stochastic process 



is finite a.s. By Theorem 3.2 of T, it follows that 

( {uG{t2)-UG{tl), ^ 
E sup sup r — r — < OO. 

y*i<*2 (pe/f2""(K'*),'/'^o \v^2 - ii)'^ ||V'IIh-"(R'*)/ / 

Thus, 

/ ||wG(t2) -UG(tl)|lic(Rd)\ 

E sup z -7. < OO. 

\t^<t2 it2 - tlY^ ] 

In particular, there would exist K < oo such that 

E (\\uG{t2) - nG(il)||^,"(M.)) <K\t2- ti\^\ 

However, this would contradict (|35|) since 27 > 2 — {(5 + 2a) /k. We conclude 
that t I— > ucit) is not 7-Holder continuous for 7 > 1 — (/3 + 2a) /{2k). 

On the other hand, for 7 < 1 — (/? + 2a) /{2k), the map t 1— > UG{t) is 
7-Holder continuous by Theorem |31 since in this theorem, q can be taken 
arbitrarily large. □ 



4 Application to stochastic partial differential equa- 
tions 

This section is devoted to studying the properties of the sample paths of the 
solution of the spde 

q2 \ 

+ {-A)'^''n u{t,x) = a{u{t,x))F{t,x) + b{u{t,x)), 

d 

u{G,x) = vq{x), —u{0,x)=vo{x). (37) 

In this equation, t S [0, T] for some fixed T > 0, and x G M'^. We assume that 
k € ]0, oo[ (A: is not necessarily an integer), a and b are Lipschitz continuous 
functions and moreover, that 

\a{z)\ + \b{z)\<C\z\, (38) 

for some positive constant C > 0. Notice that the assumption ()38() was also 
made in and it is also standard in the study of the deterministic wave 
equation (see for instance |9j Chapter 6] or pUjl. 
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Concerning the initial conditions, we assume for the moment that vq S 
L2(R'^), e H^''{R'^). Regarding the noise F, we assume that its spectral 
measure satisfies (fT7]). 

By a solution of 1)3 7|) . we mean an L^(]R'^)- valued stochastic process 
('u(i), <t<T) satisfying supo<t<T ^(lk(i)|li2(Kd)) < oo and 

uit,-) = ^G{t)*vo + G{t)*vo 

+ f [ G{t-s,-- y)(j{u{s, y))M{ds, dy) 

Jo JR'i 

+ [ ds [ dyG{t-s,--y)h{u{s,y)). (39) 

JO JM'* 

Here, G is the fundamental solution of Cf = 0, where C = {df^ + (— A)*^*^)), 
and the stochastic integral is of the type considered in the preceding sections 
(see also Section 2 in p]). 

The path integral is also well-defined. Indeed, let Z = {Z{s), s € [0, T]) 
be a stochastic processes satisfying the conditions stated at the beginning of 
SectionEl and let G : [0,T] S'{R'^) be such that for any s G [0,r], TG{s) 
is a function and ^ 

/ ds sup |J^G(s)(OP < oo. (40) 

Jo ^GMd 

Then for any t £ [0,T] a.s., 

x^JGz{t,x) := [ ds{G{s) * Z{s)){x) 
Jo 

defines an L^(M'^)-valued function. Moreover, 

\\JG,zml^R^)<C f ds\\Zis)\\l,^^,^ sup \TG{sm\'- (41) 
Assume the following condition, which is stronger than H4U|) : 

r ds sup (1 + \C\Y\J^Gis)iC)\^ <oo, (42) 

Jo ^gRd 

for some a € [0, oo[. Easy computations based on Fubini's theorem yield 

ll-^G,z(i)ll//j(Rd) = ll"^(/_A)f G,z(*)lli2(Md) a.s. 
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Fix q £ [2, cxd[. Schwarz's inequality and Fubini's theorem yield a.s.: 



II VA)tG,zWllL^(M'') ^ C [I ds \\{I - A)^G{s) * Z{s)\\i,^^ 

= c(fds [ dC{i + \c\Y\:FGism\'\:FZism\' 

<c{fds sup ((1 + \er\TG{s){m 
<c fds \\z{s)\\% , sup ((1 + i^p)^ 

Now let G be the fundamental solution of Cf = 0. Assume that a G [0, k[ 
and supig[o,T]^(l|2'(i)||^2mdO < oo. Then 



sup(l + < C sup(l + |e|2)^(--'=)/2 < oo, 

and therefore the above inequalities yield 



l.^^.))<c fds sup(i + iep)^i^G(s)(or 



^(ll'^(/-A)fG,Z 

< OO. (43) 

Set 

Jb{t) = f'ds f dyG{t-s,-- y)b{u{s, y)) = f ds {G{s) * b{u{s)) . 

Jo JR'i Jo 
Particularizing (|i3|) to a = 0, g = 2 and Z{s,x) = b{u(t — s,x)) yields 

E{\\Jbmh^R^^)<C sup E{\\u{s)\\l,.^,^) r ds sup \:FG{sm\' < oo. 

^ ' 0<s<T ^ ' Jo 5eMd 

A slight extension of Theorem 9 in provides the existence of a unique 
solution of equation in the sense given above. We observe that in [S], 
A; € N and 6 = 0. 

By means of Burkholder's and Holder's inequalities (as in the calculation 
that led to 1)291) ). the inequality (|43() with a = and a version of Gronwall's 
lemma (see Lemma 15]), one can easily show that for any q € [2,oo[, 

sup ^(||M(s)||^2(Rd)) < OO. (44) 

In the next theorem, we analyze the existence of i7"(R'^)- valued solutions 
to (EH). 
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Theorem 5 Let a, b be real-valued Lipschitz continuous functions satis- 
fying 123^. Fix a G [0,A;[ and assume that vq € H^{R''-), vq G H^^^i 
and 



Then for any q € [2, oo[, the solution of i'jy\) satisfies 

sup E{\\u{t)f , a)) < OG. (45) 

0<t<T 2 ^ > 

Proof. Fix q £ [2,oo[. We shall check that each term on the right hand 
side of (|39() belongs to L'^ {i^; H2 {R'^)) , with norm uniformly bounded over 
t€[0,T]. 

Set Ui{t) = j^G{t)*vo. Then 

l|f/iWllH?(R^) = 11(1 + I • \')'^T{^G{t)i-))^M-) 



= ||(l + |-|2)f cos(t|-|'=)^t;o(-)IL2 

< ll^ollHJ(Rd)- 

Similarly, define C/2(t) = G{t) * vq. Then, by (IT8|) . 

i2\ — 
/-| I r7-j2\ II ~ ||2 



1^2(t)|tL(R<^) = 11(1 + I • P)^^G(t)(-)^^o(-)|lL 



<2'^(i + r^)||i}ol 



ro: — fc 



Hence, 



Let 



sup (||f/l(t)|lL(Md) + ||f/2(t)||U(M.)) < 00. (46) 
0<t<T 2\ ) 2\ I 



Uz{t)= / G{t-s,--y)a{u{s,y))M{ds,dy). 

Jo JRd 

Using (jSH]) . we see as in that 

^(ll^3(t)||^.(j,.)) < C ^snp^E{\\u{s)\\%^^,^) 

X sup sup(/ ^(dr?)(l + |C-r?|2)"|^G(s)(e -^'^A^ 
By dHJ) and dSI), 

sup i?(||i73(t)||^„.^,0 <oo. (47) 

Finally, set 

U4{t) = f ds [ dy G{t - s, ■ - y)b{u{s, y)). 

Jo JRd 
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The estimate (021, (jSHl) and ^ imply 

sup E{\\U,{t)\fj^^ , )<cx^. (48) 

With (|46j) - (|48)) . we finish the proof of the theorem. □ 

The next results concern the sample path properties of the solution of 
(|39l). 

Theorem 6 Let a, b be Lipschitz functions satisfying i!^8\) . Fix k £ ]0, oo[, 
a G [0,k[ and assume that there exists rj G ]f , 1[ such that 

'^(^^^ < oo. (49) 



Suppose also that vq G i?|^+°(M'^), for some 5 G ]0, 1] and vq G 
/or some 7 G [0, 1[. Set 6q = \Td{^,l — 1^^,5,1 — Then, for any q € [2, oo[ 
and < s < t < T, 

E{\\u{t)-u{s)\\'' ,)<C{t-sr', 



with 6 g]0, ^o[- Therefore, the sample paths of the H2(^ ) -valued process 
(u(t), t G [0,T]) solution of iV.^j) are almost surely 9-Hdlder continuous for 
any 9 G]0,6'o[. 



Proof. Fix 0<s<t<l. As in the proof of Theorem |21 let Ui{t) 
^G{t) * Vq. Using the formula cos x — cos y = —2 sin sin we obt, 

\\Ui{t) - f/i(s)||^c.m.) = 11(1 + I • |')^(cos(t| • f) - cos{s\ ■ fWvoi-)^, 



'-2 



< {t- sf^WvoW^ us+c 

<C{t-sf^. (50) 



Consider now the term U2{t) = G{t) * vq. Applying the formula sinx 
±^sin2^ 



sin y = 2 cos sin yields 



(t-s)Hfe 

mt) - f/2(^)ii?,c.(M.) < 11(1 + 1 • P)^ I ''"|.|,^ I ^vo{-)\\l2 



<Ti+T2, 
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where 



Rdn{|5|>i} ' '''' ' ^"^^^^ ICP'' 



T2= I rfe(i + !ePri^so(e) 

JR'*n||£|>ij 

Therefore, 



* 

(l + |^|2)fc7 



Consequently, by the assumption on vq, 

\\U2{t) - C/2(s)||//^«(R.) < C{t - s)'-\ (51) 

Set 

Uz{t)= I I G{t-r,--y)a{u{r,y))M{dr,dy). 

Jo JR'i 

For any q € [2, oo[, the following estimate holds: 

E{\mt) - C/3(^) 11^.(1,.)) < C{t - (52) 
Indeed, set Z{s,y) = a{u{s,y)). Properties (|55|) and imply that 

sup ^(||cj(u(s))||^2(Kd)) < 



Hence, (|52j) follows from the upper bound estimate (j28|) . 
Finally, set 

C/4(t) = f'ds f dy G{t - s, • - y)biu{s, y)). 

Jo JR'* 

Clearly, 

E{\\U,it) - f/4(5)||^.(i,.)) < ^(s,t) + B{s,t), 

where 



^(5,t) = i?(|| dr J^^dyG{t-r,--y)b{u{r,y))\\lj^^^,^) 

B{s, t) = E{\\ dr J^^ dy {G{t - r, ■ - y) - G{s - r, ■ - y))b{u{r, y))||^.(K.)) 
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The Cauchy-Schwarz inequality, Holder's inequality, Plancherel's iden- 
tity, ()38|) and the fact that a < k yield 



A{s,t) = E 



dx \ I dr I dy {I — A) 2 G{t — r,x — y)b{u{r,y)) 



1 

2\ 2 



<{t- s)iE(^n dr fdx\fdy{I-A)'^G{t-r,x-y)b{u{r,y))fy^ 



< {t-s)"-^ / drE 



dx\ / dy {I - A)2 G{t — r,x — y)b{u{r,y))f]'^] 
= {t- sf-^ r dr / (1 + \i\^T\TG{t - Tm\^\Th{u(rm)f) ') 

J S Its. 

<c{t-sY. 

Analogously, by the formula sin x — sin y = 2 cos sin ^^-^ , 

B{s,t) <C r drE(( f dx\ f dy {I - A)'^ iG{t - r,x - y) - G{s - r,x - y)) 

Jo ^ jRd jRd 

X Ku{r,y))\ 



1 

|2\ 2 



<C/ dri? (/ de(l + |CIT 

<C r drE({ [ dC{l + \^\^T 
Jo ^ Jw 



sm 



|^6Kr))(0P 



(sin 



(t-sW \2(l-n) 



2A: 



|^6(n(r))(e)p 



< (t _ 5)9(1-'?) fdrEUj d^(l + |^p)"-^''|^6(n(r))(0P 
JO ^ J]R<* 

because a — fer/ < 0. Consequently, 

E{\\U,{t) - f/4(^)||^.(^.)) < C{t - sy^'~^l (53) 

The result then follows from (|nni)-((SSl)- □ 

We finish this section with a refinement of the previous theorem in the 
particular case of a covariance measure F given by a Riesz kernel. 

Theorem 7 Fix k e]0,oo[ and a G [0,k[. Let a, b, vq, vq, 6 and 7 be as 
in Theorem\^ We assume that r{dx) = \x\-^, with (3 e]0,2{k - a)[. Set 
9i G]0,inf(l - ^11^,5,1 -7) [. Then, for any q e [2,oo[, < s < t < T, 



E{\\u{t)-uis)r^^^^,^)<C{t-s) 



(54) 



with 6 €]0, Therefore, the sample paths of the H2{^'^) -valued process 
{u{t), t £ [0, T]) solution of are almost surely 6-Hdlder continuous for 
any 

(3 + 2a 



G 



0, inf 1 



2k 
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Proof. We shall use the same notations as in the proof of Theorem El By 
Theorem 121 with Z{s,y) = a{u{s,y)) (see (jSU), 

Eimit) - c/3(^)ii^.(M.)) < c{t2 - t,r^'-'^\ (55) 

It is easy to check that for ii{d^) = 1^1"'^"'"'', the condition (|i9|) holds in fact 
for any r] £ ](2a + P)/{2k), 1[. Consequently, yields 

E{\\U,it) - ^4(s)||^.(R.)) < C{t2 - (56) 

for any 6*2 G]0, 1 - (2a + /?)/(2A;)[. 

The upper bound estimate (|54j) is a consequence of (|5fl|) . (|5T|) . (|55|) . (|56|) 
and Holder continuity of the i?2(I^'^)- valued process {u(t), t € [0, T]) follows 
from Kolmogorov's continuity condition. □ 
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